Let A be a unital separable C * -algebra and B = C ⊗ K, where C is a unital C * -algebra. Let τ : A → M (B)/B be a weakly unital full essential extensions of A by B. We show that there is a bijection between a quotient group of K0(B) onto the set of strong unitary equivalence classes of weakly unital full essential extensions σ such that
It is obvious that if two essential extensions are strongly unitarily equivalent then they are unitarily equivalent.
Definition 2.2. Let A and D be two unital C * -algebras. A homomorphism h : A → D is said to be full if the (closed) ideal generated by h(a) is D for every nonzero a ∈ A. Let B be a non-unital but σ-unital C * -algebra. An essential extension τ : A → M (B)/B is full if τ is a full homomorphism. If M (B)/B is simple, then all essential extensions are full. If A is simple, then all weakly unital essential extensions are full. Definition 2.3. (cf. [15] ) Let B be a non-unital but σ-unital C * -algebra. We say M (B)/B has property (P) if for any full element b ∈ M (B)/B there exist x, y ∈ M (B)/B such that xby = 1.
If M (B)/B is simple, then M (B)/B has the property (P). This is always the case if B is purely infinite (see also Remark 2.6 below). It is proved in [15] that, if B = C ⊗ K, where C ∼ = C(X) for some finite CW complex, then M (B)/B has the property (P). Other C * -algebras which have property (P) are discussed in [15] . Let A be a separable C * -algebra. A is said to satisfy the Universal Coefficient Theorem if for any σ-unital C * -algebra C one has the following short exact sequence
C * -algebras in the so-called "bootstrap" class N of amenable C * -algebras satisfy the Universal Coefficient Theorem (UCT) (by [19] ). When A is amenable, one has KK 1 (A, B) = Ext(A, B).
The following classification of full extensions was established in [15] Theorem 2.4. Let A be a unital separable amenable C * -algebra which satisfies the Universal Coefficient
Theorem. Let B = C ⊗ K, where C is a unital C * -algebra so that M (B)/B has property (P) The basic question that we consider in this short note is the following: Suppose that [τ 1 ] = [τ 2 ] in KK 1 (A, B) so that τ 1 and τ 2 are unitarily equivalent. Are they strongly unitarily equivalent? If the answer is negative in general, when are they strongly unitarily equivalent? For non-stable case, the following was proved in [14] .
Theorem 2.5. Let A a unital separable amenable C * -algebra which satisfies the UCT and let B be a nonunital but σ-unital simple C * -algebra for which M (B)/B is simple. Let τ 1 , τ 2 : A → M (B)/B be two essential extensions. Then τ 1 and τ 2 are approximately unitarily equivalent if and only if
Remark 2.6. Let B be a non-unital but σ-unital simple C * -algebra. It is shown in [13] that M (B)/B is simple if and only if B has continuous scale (see [13] . It was also shown that when M (B)/B is simple it is purely infinite (see [13] ).
Definition 2.7. Let {A n } be a sequence of C * -algebras. Denote by l ∞ ({A n }) the C * -product of {A n } and c 0 ({A n }) the C * -direct sum of {A n }. We will also use q ∞ ({A n }) for the quotient l ∞ ({A n })/c 0 ({A n }).
3 Strong unitary equivalence Definition 3.1. Let A be a C * -algebra and B be a unital C * -algebra. Let G ⊂ U (B) be a normal subgroup.
Suppose that φ 1 , φ 2 : A → B are homomorphisms. We say φ 1 and φ 2 are G-strongly unitarily equivalent if there exists a unitary u ∈ G such that ad u • φ 1 (a) = φ 2 (a) for all a ∈ A.
In the case that G = U 0 (B), we simply say that φ 1 and φ 2 are strongly unitarily equivalent. We say φ 1 and φ 2 are G-strongly approximately unitarily equivalent if there exists a sequence of unitaries u n ∈ G such that lim
If G = U 0 (B), we simply say that φ 1 and φ 2 are strongly unitarily equivalent Lemma 3.2. Let A be a separable C * -algebra and B be a unital C * -algebra and h 1 , h 2 : A → B be two homomorphisms. Suppose that G is a normal subgroup of U (B).
(1) Suppose that h 2 = ad u • h 1 for some u ∈ U (B). Then h 1 and h 2 are G-strongly unitarily equivalent if and only if there is a unitary v ∈ U (B) such that
(2) Suppose that there exists a sequence of unitaries u n ∈ B such that
Then h 2 and h 1 are G-strongly approximately unitarily equivalent if and only if there exists a sequence of
However, we have
(2) Suppose that there exists a sequence of unitaries w n ∈ G such that
Then one has two subsequences {m(k)} and {n(k)} such that
as n → ∞ for every a ∈ A. Definition 3.3. Let G and F be two groups and u ∈ G be a distinguished element. Define
Let A and B be two C * -algebras. Suppose that A is unital. We write
Proposition 3.4. Let A be a separable C * -algebra and let C be a unital C * -algebra. Let G ⊂ U (C) be a normal subgroup and let h 1 , h 2 : A → C be two monomorphisms. Suppose that h 1 is unital and
Proof. Suppose that h 1 and h 2 are G-strongly unitarily equivalent. Then by 3.2, there is v ∈ U (C) such that
Thus we obtain a homomorphism Φ :
for a ∈ A and f ∈ C(S 1 ). Consequently, there is a homomorphism
, where ı :
Suppose that A satisfies the UCT and B is a σ-unital C * -algebra. In what follows Γ :
) is the surjective map given by the UCT.
Lemma 3.5. Let A be a separable unital C * -algebra in N and B be a σ-unital C * -algebra. Let τ ∈
where
then j(a)(t) = a for all t ∈ S 1 . By the Kunneth formula for tensor product, we obtain
written as j * 0 (x) = x ⊕ 0 and j * 1 :
. By the UCT, there is τ ′ :
). Suppose that [τ 0 ] is represented by the following two short exact sequences:
gives the following short exact sequences
, where ı is the identity function on the unit circle. Since φ is full, by 2.17 of [15] , it is absorbing. In particular, there exists W ∈ M 2 (M (B)/B) with W * W = e ⊕ 0 and W W * = e ⊕ e such that ad
Since B is stable and
To see the last part of the statement, by [15] , there is a full essential extension τ :
In the following theorem, let z ∈ KK 1 (A, B) and define T 1 s (z) to be the set of strong unitary equivalence classes of weakly unital full extensions represented by z.
Theorem 3.7. Let A be a unital separable C * -algebra in N and let B = C⊗K, where C is a unital C * -algebra so that M (B)/B has property (P). Let τ : A → M (B)/B be a weakly unital full essential extension. Suppose that u ∈ U (M (B)/B). Then ad u•τ is strongly unitarily equivalent to τ if and only if
Moreover, there is a bijection
Proof. By 3.4, one needs to prove the "if" part of the statement.
. It follows from 2.17 of [15] that we may assume that σ is full. Since τ is weakly unital, by replacing σ by ad w 1 • σ for some isometry, we may assume that σ is also weakly unital. By applying 2.17 of [15] , there is w ∈ U (M (B)/B) such that
and vτ (a) = τ (a)v. It follows from 3.4 that ad u • τ is strongly unitarily equivalent to τ.
. We define a map κ : 
). This implies that κ is well defined and is injective. Since for any σ ∈ T 1 s (z), there is u ∈ M (B)/B such that σ = ad u • τ. This shows that κ is also surjective. Proof. There is a homomorphism h :
). Then 3.8 applies. 
). It follows from 3.7 that σ and τ are strongly unitarily equivalent.
On the other hand, note since p is full, 
Approximate unitary equivalences
Definition 4.1. Let {x n } be a sequence of elements in K i (B). Denote by H ap 1 (K 0 (A), K i (B)) the subset of those sequences {x n } of K i (B) such that there exists an increasing sequence of finitely generated subgroups G n ⊂ K 0 (A) with [1 A ] ∈ G n and group homomorphisms h n :
Recall that, for a unitary u in a unital C * -algebra A,
and cel(A) = sup u∈U(A) cel(u) (see [18] ). Let r : N → N be a map. Unital C * -algebra A is said to have
Proposition 4.2. Let A be a unital separable amenable C * -algebra, and C be a unital C * -algebra and G ⊂ U (B) be a normal subgroup. Suppose that cel(B) ≤ L for some L > π and B has K 1 -r-cancellation (for some r : N → N). Let h, φ : A → B be two unital monomorphisms. Suppose that there exists a sequence of unitaries u n ∈ U (B) such that
Suppose also that h and φ are G-strongly approximately unitarily equivalent. Then there exists a subsequence
Proof. There exists a sequence of unitaries
Define a map Φ :
is a homomorphism. Since cel(B) ≤ L and B has K 1 -r-cancellation, it follows from Proposition 2.1 (3) of [6] that
. Then one obtains a homomorphism γ :
It is a countable abelian group. Write F = ∪ n F n , where F n ⊂ F n+1 and each F n is finitely generated. It is easy to see that for every finitely generated subgroup F n , there is a homomorphism f n :
be the projection on the n coordinate. For each n, there is m(n) such that
We may assume that m(n + 1) > m(n). Let G n ⊂ K 0 (A) be a finitely generated subgroup such that γ(G n ) = F n and G n ⊂ G n+1 . We may also assume that [ For each n, since [u n ] ∈ H 1 (K 0 (A), K 0 (B)), as in the proof of 3.7, one obtains a unitary w n ∈ U (M (B)/B) such that [w n ] = [u n ] and w n τ 1 (a) = τ 1 (a)w n . Now let v n = w * n u n . Note v n ∈ U 0 (M (B)/B) (by 3.6). Then
So τ 1 and τ 2 are strongly approximately unitarily equivalent. A, B) .
Suppose that there is a sequence of unitaries
Lemma 4.5. Let A be a separable unital C * -algebra in N and B be a unital purely infinite simple C * -
Then, there is full monomorphism τ 1 :
where ı(z) = z for z ∈ S 1 .
Proof. It follows from 8.5 and 7.7 of [15] that there is a (group) isomorphism from the approximately unitary equivalence classes of full monomorphisms from A to q ∞ (B) and KL(A, q ∞ (B)). Exactly the same proof of 3.5 proves the theorem. One may also use the identification KK 1 (A, Sq ∞ (B))) = KK(A, q ∞ (B)) and apply 3.5.
Theorem 4.6. Let B be a σ-unital simple C * -algebra with continuous scale and let A be a unital separable amenable C * -algebra in N .
(i) Let τ : A → M (B)/B be a weakly unital essential extension and {u n } ∈ U (M (B)/B) such that
where σ : A → M (B)/B is another essential extension. Then σ and τ are strongly unitarily equivalent.
( Proof. Put Q = M (B)/B. Then Q is purely infinite and simple (see 2.6). In particular, Q has K 1 -rcancellation (for r(n) = n) and cel(M (B)/B) ≤ 2π + d (for any d > 0) (see [16] 
. By passing to a subsequence, without loss of generality, we may
It follows from 4.5 that there exists a full monomorphismτ 1 :
It follows from 7.7 of [14] that Φ is approximately unitarily equivalent to (τ 1 )| A . As in the proof of 3.7 we may assume that (τ 1 )| A is unital. There is a sequence of unitaries w n ∈ q ∞ (Q) such that
It is well known that there are unitaries w n (k), z(k) ∈ Q such that π({w n (k)}) = w n and π({z(k)}) = z. Thus there is a subsequence {n(k)} such that
. By the definition of ξ, one checks that
, since Q is purely infinite and simple. We have lim
This proves (i). Note that (ii) follows from (i) and 2.5 immediately.
(iii) follows from the same proof of 4.4. To see (iv), we note that, by (ii), we only need to show that the injection is actually surjective in this case. Suppose that {u n } be a sequence of unitaries such that K 1 (M (B)/B) )) be the quotient map. By the assumption infinitely many φ([u n ]) are the same. Suppose that {k(n)} is a subsequence of N such that
, by (i), σ is strongly unitarily equivalent to ad u • τ. This proves (iv). For (v), by 2.5, we only need to show the "if" part. Since M (B)/B is purely infinite simple C * -algebra (see [13] ), there is a unitary v 1 ∈ U (M (B)/B) such that v * 1 τ 2 (1)v 1 = τ 1 (1) . Put e = 1 − τ 1 (1). Again, since M (B)/B is purely infinite and simple, there is a unitary v
. Thus we may assume that τ 1 (1) = τ 2 (1). Let u n ∈ M (B)/B be a sequence of unitaries such that
Since M (B)/B is purely infinite and simple, we obtain unitaries w n ∈ e(M (B)/B)e such that [w n ] = [u n ]. Put z n = w * n + (1 − e). Then z n u n ∈ U 0 (M (B)/B). One verifies that lim n→∞ ad z n • τ 1 (a) = τ 2 (a) for all a ∈ A. M (B)/B) ) can not be used to distinguish strong approximate unitary equivalence from approximate unitary equivalence. It is the group H 1 (K 0 (A), K 1 (M (B)/B) (or the approximate version of it) that detects the difference.
